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Abstract. In runtime verification, manually formalizing a specification
for monitoring system executions is a tedious and error-prone process. To
address this issue, we consider the problem of automatically synthesizing
formal specifications from system executions. To demonstrate our ap-
proach, we consider the popular specification language Metric Temporal
Logic (MTL) which is particularly tailored towards specifying temporal
properties for cyber-physical systems (CPS). Most of the classical ap-
proaches for synthesizing temporal logic formulas aim at minimizing the
size of the formula. However, for efficiency in monitoring, along with the
size, the amount of “lookahead” required for the specification becomes
relevant, especially for safety-critical applications. We formalize this no-
tion and devise a learning algorithm that synthesizes concise formulas
having bounded lookahead. To do so, our algorithm reduces the synthesis
task to a series of satisfiability problems in Linear Real Arithmetic (LRA)
and generates MTL formulas from their satisfying assignments. The re-
duction uses a novel encoding of a popular MTL monitoring procedure
using LRA. Finally, we implement our algorithm in a tool called TEAL

and demonstrate its ability to synthesize efficiently monitorable MTL
formulas in a CPS application.

1 Introduction

Runtime verification is a well-established method for ensuring the correctness
of cyber-physical systems during runtime. Techniques in runtime verification
are known to be more rigorous than conventional testing while not being as
resource-intensive as exhaustive formal verification [20]. In the field of runtime
verification, among other techniques, monitoring system executions against for-
mal specifications during runtime is a widely used one. Over the years, nu-
merous monitoring techniques have been proposed for a variety of specification
languages [28,23,21,7].

In this work, we focus on Metric Temporal Logic (MTL) [37]—a specifica-
tion language popularly employed for monitoring cyber-physical systems [29,41].
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MTL is a real-time extension of Linear Temporal Logic (LTL) [49] augmented
with timing constraints for temporal operators. MTL specifications are often
easy to interpret due to their resemblance to natural language and, thus, also
find applications in Artificial Intelligence [56]. While there are many possible
semantics of MTL (e.g., discrete, dense-time pointwise, etc. [48]), we employ
the dense-time continuous semantics as it is more natural and general than the
counterparts [9,4]. We expand on MTL and other prerequisites in Section 2.

Virtually all verification techniques for MTL rely on the availability of a
formal specification. However, manually writing specifications is a tedious and
error-prone task [1]. Synthesizing functional, correct, and interpretable specifi-
cations that precisely express the design requirements has been one of the major
challenges in the adoption of formal techniques for verification [12,53].

To tackle the lack of formal specifications, there have been efforts to auto-
matically synthesize specifications from system executions. Most of the exist-
ing works have targeted specification languages such as Linear Temporal Logic
(LTL) [16,46,50] and Signal Temporal Logic (STL) [3,39,43,54], with few works
for MTL [30,56]. Many of the works tend to synthesize specifications that are
concise in size. Concise specifications are preferred over large ones because, based
on the principle of Occam’s razor, they are easier for humans to understand [52].

However, conciseness is not the only measure of interest for specifications,
especially in the context of online monitoring. In online monitoring, specifically
in stream-based runtime monitoring, a monitor reads an execution as a stream
of data and verifies if a given specification is invariant (i.e., holds at all time
points) in the execution. Many stream-based monitors [27,32,38] support MTL
formulas. Typically, such monitors produce a stream of (Boolean) verdicts with
some “latency”, which depends on the lookahead of the formula. The lookahead
required for an MTL formula is often formalized as its future-reach [29,31], which
is the amount of time required to determine its satisfaction at any time point.

With the aim of reducing the latency for efficient online monitoring, we focus
on automatically synthesizing MTL specifications based on two regularizers, size
and future-reach. As input data, we rely on a sample S consisting of executions
of a system that are observed for a finite duration. We consider the sample to
be partitioned into a set P of positive (or desirable) executions and a set N of
negative (or undesirable) executions.

We now formulate the central problem of synthesizing MTL formulas as
follows: given a sample S = (P,N) and a future-reach bound K, synthesize a
minimal size MTL formula φ that (i) is globally-separating for S, in that φ holds
at all time points in the positive executions and does not hold at some time point
in the negative executions, and (ii) the future-reach of φ is smaller than K. The
property of being globally-separating for S ensures that prospective formula φ
is invariant in the desirable executions and not in the undesirable executions, as
is typically preferred in specifications for online monitoring [11]. We expand on
the problem formulation in Section 3.

Also, interestingly, without a future-reach bound, the most concise MTL
formula that can be synthesized can have a large future-reach value, increasing
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the latency required for online monitoring. To illustrate this, assume that we
observe some simulations of an autonomous vehicle. During the simulations, we
sample executions (shown below) of the vehicle every second for six seconds. We
classify them as positive (denoted using ui’s) or negative (denoted using vi’s)
based on whether the vehicle encountered a collision or not.

0 1 2 3 4 5
u1: {p, q} {p} {q} {p, q} {p} {p}
u2: {q} {} {q} {p} {p} {p, q}
v1: {p} {q} {} {} {} {}
v2: {p} {p, q} {p} {} {p} {}

In the executions, we use p to denote that there is no obstacle within a particular
unsafe distance ahead of the vehicle and q to denote that the vehicle’s brake is
triggered. Our setting considers executions to be continuous. Thus, to ensure
continuity of execution, in the above example, if p occurs at time point t, we
interpret it as p holding during the entire interval [t, t+1). We also assume that
the executions last up to a final time point T which is 6 for this example. Thus,
for the execution u1, p holds in the intervals [0, 2) and [3, 6).

In the sample, a minimal globally separating formula is φ1 = F[0,3] q. The
formula φ1 being globally separating indicates that in all positive executions,
the brake is triggered every three seconds (i.e., within the interval [t, t + 3]
for every time point t), irrespective of whether there is an obstacle within the
unsafe distance. The formula φ1 has size two and a future-reach of three seconds,
meaning that any online monitor requires a three second lookahead window to
check the satisfaction of φ1. There is another formula φ2 = ¬p → F[0,1] q that
is globally separating for the sample. The formula φ2 being globally-separating
indicates that in all positive executions, for every time point t, if an obstacle is
within the unsafe distance, then the brake is triggered within one second (i.e.,
within the interval [t, t + 1]). Although of size five, φ2 has future-reach of one
second and will be typically preferred over φ1 for online monitoring in a safety-
critical scenario.

For the problem of synthesizing MTL formulas, we first study whether a
solution exists. It turns out that there are samples S and future-reach bound K
for which there might not exist any formula that is globally-separating for S and
has future-reach within K. To aid in checking whether a prospective formula
exists, we identify a simple characterization of S based on the future-reach K.
Such a characterization enables us to design an NP algorithm that can decide
whether a prospective algorithm exists. Also, it provides an upper-bound, which
is polynomial in the inputs S and K, on the size of the prospective formula if
one exists. We mention the details of the existence check in Section 4.

To synthesize a prospective formula, we rely on a reduction to constraint
satisfaction problems. In particular, following other works in synthesis of formu-
las [46,52], our algorithm encodes the problem in a series of satisfiability modulo
theory (SMT) problems in Linear Real Arithmetic (LRA). To our knowledge,
we design the first SMT-based algorithm that can synthesize MTL formulas of
arbitrary syntactic structure. Such an SMT-based algorithm allows us to extend
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our algorithm to work for other settings that are common in the synthesis of
formulas [26,40].

Further, we analyze the complexity of the decision version of the problem
of synthesizing MTL formulas. While the exact complexity lower bounds are
open, we show that the corresponding decision problem is in NP. The central
SMT-based algorithm with all the theoretical results is in Section 5.

We also implement our algorithm using a popular SMT solver in a proto-
type named TEAL. We evaluate the ability of TEAL to synthesize MTL formulas
typically employed for monitoring cyber-physical systems. We also empirically
study the interplay between the size and future-reach of a formula. We present
all the experimental results in Section 6.

Related works. To our knowledge, there are only a limited number of works for
synthesizing MTL formulas. One of them [56] infers MTL formulas as decision
trees for representing task knowledge in Reinforcement Learning. Some other
works [30,57] consider the parameter search problem for MTL where, given a
parametric MTL formula (i.e., an MTL formula with missing temporal bounds),
they infer the ranges of parameters where the formula holds/does not hold on a
given system. Unlike our work, none of these works aims at synthesizing concise
MTL specifications for monitoring tasks.

There are, nevertheless, numerous runtime monitoring procedures for
MTL [55,4,22,29,10,17,33,38], clearly indicating the need for efficiently moni-
torable MTL specifications. Many of them also rely on the future-reach of a
specification [29,10] or other similar measures (e.g., horizon [22], worst-case prop-
agation delay [33], etc.) to quantify the efficiency of their monitoring procedure.

Interestingly, several works focus on synthesizing formulas in STL, an exten-
sion of MTL to reason about real-valued signals. Bartocci et al. [8] provide a com-
prehensive survey of the existing works on inferring STL. Many of them [3,35,34]
solve the parameter search for STL, while others [14,13] learn decision trees over
STL formulas, which typically do not result in concise formulas. There are few
works [43,47] that do prioritize the conciseness of formulas during inference.
These works cannot be directly applied to solve our problem for two main rea-
sons. First, these works assume inputs to be piecewise-affine continuous signals.
While the above assumption is natural for synthesizing STL formulas inference
from real-valued signals, in our setting, we must rely on the assumption that our
inputs are piecewise-constant signals, which is natural for Boolean-valued sig-
nals. Second, these works do not employ any measure, apart from conciseness,
that directly influences the efficiency of runtime monitoring.

Finally, there are works on synthesizing formulas in other temporal logics such
as Linear Temporal Logic (LTL) [46,51,16,50], Property Specification Language
(PSL) [52], etc., which are not easily extensible to our setting.

2 Preliminaries

In this section, we introduce the basic notations used throughout the paper.
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Signals and Prefixes. We represent continuous system executions as signals. A
signal x : R≥0 → 2P over a set of propositions P is an infinite time series that
describes relevant system events over time. A prefix of a signal x restricted to
domain T = [0, T ), T ∈ R≥0 is a function xT : T → 2P where xT(t) = x(t) for
all t ∈ T.

To synthesize MTL formulas, we rely on finite observations that are sequences
of the form Ω = ⟨(ti, δi)⟩i≤n, n ∈ N such that (i) t0 = 0, (ii) tn < T , and (ii)
for all i ≤ n, δi ⊆ P is the set of propositions that hold at time point ti. To
construct well-defined signal prefixes, we approximate each observation Ω as a
piecewise-constant signal prefix xΩT using interpolation as: (i) for all i < n, for
all t ∈ [ti, ti+1), xT(t) = δi; and (ii) for all t ∈ [tn, T ), xT(t) = δn. For brevity,
we refer to signal prefixes simply as ‘prefixes’ when clear from the context.

Metric Temporal Logic. MTL is a logic formalism for specifying real-time prop-
erties of a system. We consider the following syntax of MTL:

φ := p ∈ P | ¬p | φ1 ∧ φ2 | φ1 ∨ φ2 | φ1 UI φ2 | FI φ | GI φ

where p ∈ P is a proposition, ¬ is the negation operator, ∧ and ∨ are the
conjunction and disjunction operators respectively, and UI ,FI and GI are the
timed-Until, timed-Finally and timed-Globally operators respectively. Here, I is
a closed interval of non-negative real numbers of the form [a, b] where 0 ≤ a ≤ b6.
Note that the syntax is presented in negation normal form, meaning that the ¬
operator can only appear before a proposition.

∨

∧ FI

pGI

q

Fig. 1: Syntax DAG of
(p ∧GI q) ∨ (FI p)

As a syntactic representation of an MTL formula,
we rely on syntax-DAGs. A syntax-DAG is similar to
the parse tree of a formula but with shared common
subformulas. We define the size |φ| of an MTL formula
φ as the number of nodes in its syntax-DAG, e.g., the
size of (p∧GI q)∨ (FI p) is six as its syntax-DAG has
six nodes, as shown in Figure 1.

As mentioned already, we follow the continuous
semantics of MTL. For the standard continuous se-
mantics (|=) of MTL over infinite signals, we refer to
the work of [48] and provide detailed descriptions in
Appendix A. However, our setting demands a semantics of MTL over finite pre-
fixes such that the synthesized formulas will be ‘useful’ while monitoring over
infinite signals. Intuitively, we want an ‘optimistic’ semantics (|=f) of an MTL
formula φ over a prefix xT such that xT |=f φ if there exists an infinite signal
extending xT that satisfies φ. In other words, xT “carries no evidence against”
the formula φ. Formally, we want the definition of |=f to satisfy the following
lemma.

Lemma 1. Given a prefix xT, let ext(xT) = {x | xT is a prefix of x} be the set
of all infinite extensions of xT. Then given an MTL formula φ, xT |=f φ if there
exists x ∈ ext(xT) such that x |= φ.

6 Since we infer MTL formulas with bounded lookahead, we restrict I to be bounded.
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The proof of the above lemma proceeds via structural induction over φ, which
is describe in Appendix B.

Towards this, we follow the idea of ‘weak semantics’ of MTL defined in [29]7

and interpret MTL over finite prefixes. Given a prefix xT, we inductively define
when an MTL formula φ holds at time point t ∈ T, i.e., (xT, t) |=f φ, as follows:

(xT, t) |=f p ⇐⇒ p ∈ xT(t);

(xT, t) |=f ¬p ⇐⇒ p ̸∈ xT(t);

(xT, t) |=f φ1 ∧ φ2 ⇐⇒ (xT, t) |=f φ1 and (xT, t) |=f φ2;

(xT, t) |=f φ1 ∨ φ2 ⇐⇒ (xT, t) |=f φ1 or (xT, t) |=f φ2;

(xT, t) |=f φ1 U[a,b] φ2 ⇐⇒

• ∃t′ ∈ [t+ a, t+ b] ∩ T s.t. (xT, t
′) |=f φ2 and ∀t′′ ∈ [t, t′], (xT, t

′′) |=f φ1, or

• T ≤ t+ b and ∀t′′ ∈ [t, T ), (xT, t
′′) |=f φ1

(xT, t) |=f F[a,b] φ ⇐⇒ t+ b ≥ T or ∃t′ ∈ [t+ a, t+ b] ∩ T s.t. (xT, t
′) |=f φ;

(xT, t) |=f G[a,b] φ ⇐⇒ t+ a ≥ T or ∀t′ ∈ [t+ a, t+ b] ∩ T, (xT, t
′) |=f φ

We say that xT satisfies φ if (xT, 0) |=f φ. Also, for ensuring that our semantics
complies with Lemma 1, we define (xT, t) |=f φ for all t ≥ T for any φ.

3 The Problem Formulation

Next, we formally introduce the various aspects of the central problem of the
paper.

Sample. The input data consists of a set of labeled (piecewise-constant) prefixes.
Formally, we rely on a sample S = (P,N) consisting of a set P of positive prefixes
and a set N of negative prefixes such that P ∩N = ∅. We say an MTL formula φ
is globally-separating (G-sep, for short) for S if it satisfies all the positive prefixes
at each time point and does not satisfy negative prefixes at some time point8.
Formally, given a sample S, we define an MTL formula φ to be G-sep for S if
(i) for all xT ∈ P and for all t ∈ [0, T ), (xT, t) |=f φ; and (ii) for all yT ∈ N ,
there exists t ∈ [0, T ) such that (yT, t) ̸|=f φ.

Future-Reach. To formalize the lookahead of an MTL formula φ, we rely on its
future-reach fr(φ), following [31,29], which indicates how much of the future is
required to determine the satisfaction of φ. It is defined inductively as follows:

fr(p) = fr(¬p) = 0

fr(φ1 ∧ φ2) = fr(φ1 ∨ φ2) = max(fr(φ1), fr(φ2))

fr(φ1 U[a,b] φ2) = b+max(fr(φ1), fr(φ2))

fr(F[a,b] φ) = fr(G[a,b] φ) = b+ fr(φ)

7 Following Eisner et al. [24], Ho et al. [29] defined the weak semantics of MTL for
the pointwise setting, which we adapt here for the continuous setting.

8 Most stream-based monitors check if the specification holds at every time point [11].
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To highlight that fr(φ) quantifies the lookahead of φ, we observe the following
lemma:

Lemma 2. Let φ be an MTL formula such that fr(φ) ≤ K for some K ∈ R≥0.
Let x and y be two signals such that x[0,K] = y[0,K]. Then, for all T ∈ R≥0,
xT |=f φ if and only if yT |=f φ.

Intuitively, the above lemma states that a formula with future-reach ≤ K
cannot distinguish between two signals that are identical up to time K. The
lemma can be proved using structural induction over φ. For space constraints,
we include the whole proof in Appendix C.

The Problem. We now formally introduce the problem of synthesizing an MTL
formula. In the problem, we ensure that the MTL formula is efficient for moni-
toring by allowing the system designer to specify a future-reach bound.

Problem 1 (SynTL). Given a sample S = (P,N) and a future-reach bound K,
find an MTL formula φ such that (i) φ is G-sep for S; (ii) fr(φ) ≤ K; (iii) for
every MTL formula φ′ such that φ′ is G-sep for S and fr(φ′) ≤ K, |φ| ≤ |φ′|.

Intuitively, the above optimization problem asks to synthesize a minimal size
MTL formula that is G-sep for the input sample and has a future-reach within
the input bound. Before we dive into the procedure for finding such an MTL
formula, we first study if such an MTL formula even exists.

4 Existence of a solution

As alluded to in the introduction, for any given sample S and future-reach
bound K, the existence of a suitable G-separating formula is not always guar-
anteed. For an illustration, consider the sample S with one positive prefix
xT = ⟨(0, {q}), (2, {})⟩ and one negative prefix yT = ⟨(0, {q})⟩, and domain
T = [0, 4). For S, there is no formula φ with fr(φ) ≤ 1 that is G-sep. To see
this, assume there exists a prospective formula φ. Consequently, φ being G-sep,
(xT, 0) |= φ. Observe that, for all time-points t ∈ T, yT when restricted to time
interval [t, t+1]∩T appears identical to xT when restricted to time interval [0, 1]
to φ since its future-reach is 1 (using Lemma 2). Thus, for all time-points t ∈ T,
(yT, t) |= φ violating that φ is G-sep.

What we show now is that one can check whether a prospective formula
exists by relying on a simple characterization of the inputs S and K. Towards
this, we introduce introduce some terminology.

We introduce the infix of a prefix xT that is a restriction of xT to a specific
time interval. Formally, given two time-points t1 ≤ t2 < T and a prefix xT, infix

x
[t1,t2]
T is the function x

[t1,t2]
T : [0, t2 − t1] → 2P such that x

[t1,t2]
T (t) = xT(t+ t1)

for all t ∈ [0, t2 − t1].
Next, we define a characterization of a sample S based on the future-reachK,

which we term as K-infix -separable. Intuitively, we say S to be K-infix -separable

if there is a K-length infix y
[t1,t2]
T for every negative prefix yT in S that is not
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an infix of any positive prefix in S. Formally, S = (P,N) is K-infix -separable if

for every negative prefix yT ∈ N , there exists an infix y
[t1,t2]
T with t2 − t1 ≤ K

such that y
[t1,t2]
T ̸= x

[t
′
1,t

′
2]

T for any infix x
[t

′
1,t

′
2]

T of any positive prefix xT ∈ P .
We now state the result that enables checking the existence of a solution to

Problem 1.

Lemma 3. For a given sample S and future-reach bound K, there exists an
MTL formula φ with fr(φ) ≤ K that is G-sep for S if and only if S is
K-infix-separable.

Proof. (⇒) For the forward direction, consider φ be an MTL formula with
fr(φ) ≤ K that is G-sep for S. Since φ is G-sep, for any arbitrary negative
prefix, say ȳT, there must be a time-point, say t̄ < T , such that (ȳT, t̄) ̸|= φ. If

t̄+K < T , we show by contradiction that the infix ȳ
[t̄,t̄+K]
T is not an infix in any

positive prefix. In particular, if ȳ
[t̄,t̄+K]
T = x

[t,t+K]
T , then (xT, t) ̸|= φ as φ cannot

distinguish between signals that are identical up to time K (using Lemma 2). If
t̄+K ≥ T , the semantics of MTL being weak, there is an L < K with t̄+L < T

such that for any y ∈ ext(y
[0,t̄+L]
T ), (y, t) ̸|= φ (using Lemma 1). Once again, we

show by contradiction that the infix ȳ
[t̄,t̄+L]
T is not an infix in any positive prefix.

In particular, if ȳ
[t̄,t̄+L]
T = x

[t,t+L]
T , then for all x ∈ ext(x

[0,t+L]
T ) (x, t) ̸|= φ. Also,

for any x ∈ ext(xT) (x, t) ̸|= φ, meaning (xT, t) ̸|= φ (again, using Lemma 1).
(⇐) For the other direction, consider S to be K-infix -separable. Using the

definition of K-infix -separable, for any arbitrary negative prefix, say ȳT, we have

an infix ȳ
[t1,t2]
T with t2 − t1 ≤ K that is not an infix in any positive prefix. We

construct a formula φȳT that explicitly specifies the propositions appearing in

each interval of the infix ȳ
[t1,t2]
T usingG and ∧ operators. Observe that fr(φȳT) ≤

K since t2 − t1 ≤ K in ȳ
[t1,t2]
T . Now, the formula ¬φxT holds at all time-points

in all positive prefixes, while it does not hold at time-point t1 in ȳT. We finally
construct the prospective formula as φ =

∧
yT∈N

¬φyT which is G-sep for S and

also, fr(φ) ≤ K. ⊓⊔

We now describe an NP algorithm to check whether a sample S is
K-infix -separable. The crux of the algorithm is to guess, for each negative prefix

yT, an infix y
[t1,t2]
T with t2 − t1 ≤ K and then check whether it is an infix of

any positive prefix. The procedure of checking involves comparing the various

intervals of y
[t1,t2]
T against the intervals of infixes of positive prefixes.

To describe the checking procedure in detail, let ȳ
[t1,t2]
T be an infix of the

negative prefix ȳT. We like to check whether ȳ
[t1,t2]
T is an infix of the positive

prefix x̄T. To do so, we check ȳ
[t1,t2]
T = x̄

[t,t+(t2−t1)]
T with only those infixes in

which the time-points where xT and yT have been observed coincide. Precisely,

we check ȳ
[t1,t2]
T = x̄

[t,t+(t2−t1)]
T for all those infixes of x̄T where t′′ − t = t′ − t1,

t′′ and t′ being timepoints where xT and yT have been observed, respectively.
This process is based on the fact that the changes in an infix occur only at the
observation time points. Also, this process takes time polynomial in the number
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of observation time-points of x̄T and ȳT. We can perform the procedure for each
positive and negative prefix. Overall, we have the following result.

Lemma 4. Given a sample S and future-reach bound K, checking whether S is
K-infix-separable can be done in NP.

5 An SMT-based Algorithm

Our algorithm relies on an SMT-based approach inspired by the numerous
constraint satisfaction-based approaches for synthesizing temporal logic formu-
las [46,15,52,2]. Roughly speaking, our algorithm constructs a series of formulas
in Linear Real Arithmetic (LRA) and uses an optimized SMT solver to search
for the desired solution. To expand on the specifics of our algorithm, we first
familiarize the readers with LRA.

Linear Real Arithmetic (LRA). In LRA [6], given a set of real variables Y, a term
is defined recursively as either constant c ∈ R, a real variable y ∈ Y, a product
c · y of a constant c ∈ R and a real variable y ∈ Y, or a sum t1 + t2 of two terms
t1 and t2. An atomic formula is of the form t1 ⋄ t2 where ⋄ ∈ {<,≤,=,≥, >}.
An LRA formula, defined recursively, is either an atomic formula, the negation
¬Φ of an LRA formula Φ, or the disjunction Φ1 ∨Φ2 of two formulas Φ1, Φ2. We
additionally include standard Boolean constants true, and false and Boolean
operators ∧, → and ↔.

To assign meaning to an LRA formula, we rely on a so-called interpretation
function ι : Y → R that maps real variables to constants in R. An interpretation
ι can easily be lifted to a term t in the usual way, and is denoted by ι(t). We
now define when ι satisfies a formula φ, denoted by ι |= φ, recursively as follows:
ι |= t1 ⋄ t2 for ⋄ ∈ {<,≤,=,≥, >} if and only if ι(t1) ⋄ ι(t2) is true, ι |= ¬Φ if
ι ̸|= Φ, and ι |= Φ1 ∨ Φ2 if and only if ι |= Φ1 or ι |= Φ2. We say that an LRA
formula Φ is satisfiable if there exists an interpretation ι with ι |= Φ.

Despite being NP-complete, with the rise of the SAT/SMT revolution [42],
checking the satisfiability of LRA formulas can be handled effectively by several
highly-optimized SMT solvers [45,18,5].

Algorithm Overview. Our algorithm constructs a series of LRA formulas
⟨ΦnS,K⟩n=1,2,... to facilitate the search for a suitable MTL formula. The formula
ΦnS,K has the following properties:

1. ΦnS,K is satisfiable if and only if there exists an MTL formula φ of size n
such that φ is G-sep for S and fr(φ) ≤ K.

2. from any satisfying interpretation ι of ΦnS,K , one can construct an appropri-
ate MTL formula φι.

In our algorithm, sketched in Algorithm 1, we first check whether S is
K-infix -separable (as described in Section 4) which informs us whether a prospec-
tive formula exists. We now check the satisfiability of ΦnS,K for increasing values
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Algorithm 1 Overview of our algorithm

Input: Sample S, fr -bound K
1: if S is not K-infix -separable then return No prospective formula

2: n← 0
3: while True do
4: n← n+ 1
5: Construct ΦnS,K := Φstrn,S,K ∧ Φfr

n,S,K ∧ Φsemn,S,K
6: if ΦnS,K is SAT then
7: Construct φι from a satisfying interpretation ι return φι

of size n starting from 1. If ΦnS,K is satisfiable for some n, then our algorithm con-
structs a prospective MTL formula φι from a satisfying interpretation ι returned
by the SMT solver. This algorithm terminates because of checking whether a so-
lution exists apriori and it returns a minimal formula because of the iterative
search through MTL formulas of increasing sizes.

The crux of our algorithm lies in the construction of the formula ΦnS,K . In-

ternally, ΦnS,K := Φstr
n,S,K ∧Φfr

n,S,K ∧Φsem
n,S,K is a conjunction of three subformulas,

each with a distinct role. The subformula Φstr
n,S,K encodes the structure of the

prospective MTL formula. The subformula Φfr
n,S,K ensures that the future-reach

of the prospective formula is less than or equal to K. Finally, the subformula
Φsem
n,S,K ensures that the prospective formula is G-sep for S. In what follows, we

expand on the construction of each of the introduced subformulas. We drop the
subscripts n, S, and K from the subformulas when clear from the context.

Structural Constraints. Following Neider and Gavran [46], we symbolically en-
code the syntax-DAG of the prospective MTL formula using the formula Φstr .
For this, we first fix a naming convention for the nodes of the syntax-DAG of an
MTL formula. For a formula of size n, we assign to each of its nodes an identifier
from {1, . . . , n} such that the identifier of each node is larger than that of its
children if it has any. Note that such a naming convention may not be unique.
Based on these identifiers, we denote the subformula of φ rooted at Node i as
φ[i]. In that case, φ[n] is precisely the formula φ.

Next, to encode a syntax-DAG symbolically, we introduce the follow-
ing variables9: (i) Boolean variables xi,λ for i ∈ {1, . . . , n} and λ ∈ P ∪
{¬,∨,∧,UI ,FI ,GI}; (ii) Boolean variables li,j and ri,j for i ∈ {1, . . . , n} and
j ∈ {1, . . . , i}; (iii) real variables ai and bi for i ∈ {1, . . . , n}. The variable xi,λ
tracks the operator labeled in Node i, meaning, xi,λ is set to true if and only
if Node i is labeled with λ. The variable li,j (resp., ri,j) tracks the left (resp.,
right) child of Node i, meaning, li,j (resp., ri,j) is set to true if and only if the left
(resp., right) child of Node i is Node j. Finally, the variable ai (resp., bi) tracks
the lower (resp., upper) bound of the interval I of a temporal operator (i.e.,
operators UI , FI and GI), meaning that, if ai (resp. bi) is set to a ∈ R (resp.,

9 We include Boolean variables in our LRA formulas since Boolean variables can always
be simulated using real variables that are constrained to be either 0 or 1.



Synthesizing Efficiently Monitorable Formulas in MTL 11

b ∈ R), then the lower (resp., upper) bound of the interval of the operator in
Node i is a (resp., b). While we introduce variables ai and bi for each node, they
become relevant only for the nodes that are labeled with a temporal operator.

We now impose structural constraints on the introduced variables to ensure
they encode valid MTL formulas. Exemplarily, we have the following constraint:[ ∧

1≤i≤n

∨
λ∈Λ

xi,λ

]
∧
[ ∧
1≤i≤n

∧
λ ̸=λ′∈Λ

¬xi,λ ∨ ¬xi,λ′

]
,

where Λ = P ∪ {¬,∨,∧,UI ,FI ,GI}. The above constraint ensures that each
node is labeled by exactly one operator or one proposition. We also impose
other structural constraints, such as each node can have at most two children,
Node 1 must be a proposition, etc. Such structural constraints are similar to
the ones proposed by Neider and Gavran [46]. We here additionally ensure that
the ¬ operator appears only in front of propositions. Also, we ensure that the
intervals of the temporal operators are proper using the constraint

∧
1≤i≤n 0 ≤

ai ≤ bi < K. We refer interested readers to Appendix E.1 for all the constraints.
The subformula Φstr is a conjunction of all the structural constraints we

described. Using a satisfying interpretation ι of Φstr , one can construct the syntax
DAG of a unique MTL formula φι.

Future-reach Constraints. To symbolically compute the future-reach of the
prospective formula φ, we encode the inductive definition of the future-reach,
as described in Section 3 in an LRA formula. To this end, we introduce real
variables fi for i ∈ {1, . . . , n} to encode the future-reach of the subformula φ[i].
Precisely, fi is set to f ∈ R if and only if fr(φ[i]) = f .

To ensure the desired meaning of the fi variables, we impose constraints such
as ∧

1≤i≤n,1≤j<i

[xi,FI ∧ li,j ] → [fi = fj + bi]. (1)

This constraint expresses that if Node i contains the FI operator where I is
encoded using ai and bi, then the future-reach of φ[i], i.e., fr(φ[i])), must be the
future-reach of φ[j] plus b, i.e., fr(φ[j])+b. For other operators, we impose similar
constraints based on the definition of future-reach for that operator, described in
Section 3. We refer the readers to Appendix E.2 for the remaining future-reach
constraints.

Finally, to enforce that the future-reach of the prospective MTL formula is
within K, along with the constraints mentioned above, we have fn ≤ K in Φfr .

Semantic Constraints. To symbolically check whether the prospective formula
is G-sep, we must encode the procedure of checking the satisfaction of an MTL
formula into an LRA formula. To this end, we rely on the monitoring procedure
devised by Maler and Nickovic [41] for efficiently checking when a signal satisfies
an MTL formula. Since our setting is slightly different, we take a brief detour
via the description of our adaptation of the monitoring algorithm.
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Given an MTL formula φ and a signal prefix xT, our monitoring algorithm
computes the (lexicographically) ordered set Iφ(xT) = {I1, · · · , Iη} of maximal
disjoint time intervals I1, · · · , Iη where φ holds on xT. Mathematically speaking,
the following property holds for the set Iφ(xT) we construct:

Lemma 5. Given an MTL formula φ and a prefix xT, for all t ∈ T, (xT, t) |=f φ
if and only if t ∈ I for some I ∈ Iφ(xT).

In our monitoring algorithm, we compute the set Iφ(xT) inductively on
the structure of the formula φ. To describe the induction, we use the nota-
tion I∪

φ (xT) =
⋃
I∈Iφ(xT)

I to denote the union of the intervals in Iφ(xT). For

the base case, we compute Ip(xT) for every p ∈ P by accumulating the time
points t ∈ [0, T ) where (xT, t) |=f p into maximal disjoint time intervals. In the
inductive step, we exploit the relations presented in Table 1 for the different
MTL operators. In the table, [t1, t2)⊖ [a, b] = [t1− b, t2−a)∩T and Ic = T−I.
While the table presents the computation of I∪

φ (xT), we can obtain Iφ(xT) by

Table 1: The relations for inductive computation of I∪
φ (xT).

I∪¬p(xT) =
(
I∪p (xT)

)c
I∪φ1∨φ2

(xT) = I∪φ1
(xT) ∪ I∪φ2

(xT)

I∪φ1∧φ2
(xT) = I∪φ1

(xT) ∩ I∪φ2
(xT)

I∪F[a,b] φ
(xT) =

(⋃
I∈Iφ(xT)

I ⊖ [a, b]
)
∪ [T − b, T )

I∪G[a,b] φ
(xT) =

(⋃
I∈(Iφ(xT))c

I ⊖ [a, b]
)c ∪ [T − a, T )

I∪φU[a,b] ψ
(xT) =

⋃
Iφ∈Iφ(xT)

⋃
Iψ∈I

ψ
(xT)

((
(Iφ ∩ Iψ)⊖ [a, b]

)
∩ Iφ

)
∪ IT,

where IT =

{
[max(T − b, t), T ), if ∃t s.t. [t, T ) ∈ Iφ(xT)

∅, otherwise

simply partitioning I∪
φ (xT) into maximal disjoint intervals.

For an illustration, we consider the example from the introduction and com-
pute Iφ2

(u1) where u1 is the first positive prefix, φ2 = p∨F[0,1] q, and T = [0, 6).
First, we have Ip(u1) = {[0, 2), [3, 6)} and Iq(u1) = {[0, 1), [2, 4)}. Now, we can
compute IF[0,1] q

(u1) = {[0, 4), [5, 6)} and then Ip∨F[0,1] q
(u1) = {[0, 6)}.

In the monitoring algorithm, the number of maximal intervals required in
Iφ(xT) is upper-bounded by M = µ|φ|, where µ = max({|Ip(xT)| | p ∈ P}), as
also observed by Maler and Nickovic [41]. The computation of this bound can
also be done inductively on the structure of φ.

Now, in the subformula Φsem , we symbolically encode the set Iφ(xT) of our

prospective MTL formula φ. To this end, we introduce variables tli,m,s and t
r
i,m,s

where i ∈ {1, . . . , n}, m ∈ {1, . . . ,M}, and s ∈ {1, . . . , |S|}, s being an identifier
for the sth prefix xsT in S. The variables tli,m,s and tri,m,s encode the mth interval

of Iφ[i](x
s
T) for the subformula φ[i]. In other words, tli,m,s = t1 and tri,m,s = t2 if

and only if [t1, t2) is the m
th interval of Iφ[i](x

s
T).
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Now, to ensure that the variables tli,m,s and t
r
i,m,s have their desired meaning,

we introduce constraints for each operator based on the relations defined in
Table 1. We now present these constraints for the different MTL operators.

For the ¬ operator, we have the following constraints:

∧
1≤i≤n
1≤j<i

xi,¬ ∧ li,j →
[ ∧
1≤s≤|S|

comps(i, j)
]
,

where, for every xsT in S, comps(i, j) encodes that I∪
φ[i](x

s
T) is the complement

of I∪
φ[j](x

s
T) . We construct comps(i, j) as follows:

ite(tlj,1,s = 0, (2)∧
1≤m≤M−1

tli,m,s = trj,m,s ∧ tri,m,s = tlj,m+1,s, (3)

tli,1,s = 0 ∧ tri,1,s = tlj,1,s∧ (4)∧
1≤m≤M−1

tli,m+1,s = trj,m,s ∧ tri,m+1,s = tlj,m+1,s),

where ite is a syntactic sugar for the “if-then-else” construct over LRA formulas,
which is standard in many SMT solvers. Here, Condition 2 checks whether the
left bound of the first interval of Iφ[j](x

s
T), encoded by tlj,1,s, is 0. If that holds, as

specified by Constraint 3, the left bound of the first interval of Iφ[i](x
s
T), encoded

by tl1,i,s, will be the right bound of the first interval of Iφ[j](x
s
T), encoded t

r
1,j,s

and so on. If Condition 2 does not hold, as specified by Constraint 4, the left
bound of the first interval of Iφ[i](x

s
T) will start with 0, and so on.

As an example, for a prefix xsT and T = [0, 7), let Iφ[j](x
s
T) = {[0, 4), [6, 7)}.

Then, Constraint 3 ensures that Iφ[i](x
s
T) = {[4, 6)}10. Conversely, if Iφ[j](x

s
T) =

{[1, 4), [6, 7)}, then Constraints 4 ensures that Iφ[i](x
s
T) = {[0, 1), [4, 6)}.

For the ∨ operator, we have the following constraint:

∧
1≤i≤n

1≤j,j′<i

xi,∨ ∧ li,j ∧ ri,j′ →
[ ∧
1≤s≤|S|

unions(i, j, j
′)
]
,

where, for every xsT in S, unions(i, j, j′) encodes that Iφ[i](x
s
T) consists of the

maximal disjoint intervals obtained from the union of the intervals in Iφ[j](x
s
T)

10 |Iφ[i](xsT)| may differ for different subformulas φ[i]; we address this at the end of this
section.
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and Iφ[j′](x
s
T). We construct unions(i, j, j

′) as follows:

∧
σ∈[l,r]

∧
1≤m≤M

 ∨
1≤m′≤M

(tσi,m,s = tσj,m′,s) ∨
∨

1≤m′≤M

(tσi,m,s = tσj′,m′,s)

∧ (5)

∧
σ∈[l,r]

∧
1≤m≤M

 ∨
1≤m′≤M

(tσi,m,s = tσj,m′,s) ⇐⇒
∧

1≤m′′≤M

(tσj,m′,s ̸∈ Ij′,m′′,s)

∧

(6)∧
σ∈[l,r]

∧
1≤m≤M

 ∨
1≤m′≤M

(tσi,m,s = tσj′,m′,s) ⇐⇒
∧

1≤m′′≤M

(tσj′,m′,s ̸∈ Ij,m′′,s)

 ,

(7)

where Ik,m,s denotes the interval encoded by bounds tlk,m,s and trk,m,s
11. Here,

Constraint 5 states that the left (resp., right) bound of each interval of Iφ[i](x
s
T),

encoded by tli,m,s (resp., t
r
i,m,s) corresponds to one of the left (resp., right) bounds

of the intervals in Iφ[j](x
s
T) or in Iφ[j′](x

s
T). Then, Constraint 6 states that for

each interval I in Iφ[j](x
s
T), the left (resp., right) bound of I should appear as

the left (resp., right) bound of some interval in Iφ[i](x
s
T) if and only if the left

(resp., right) bound of I is not included in any of the intervals in Iφ[j′](x
s
T).

Constraint 7 mimics the statement made by Constraint 6 but for the bounds of
the intervals in Iφ[j′](x

s
T).

For an illustration, assume that Iφ[j](x
s
T) = {[1, 4), [6, 7)} and Iφ[j′](x

s
T) =

{[3, 5), [6, 7)} for a prefix xsT and T = 7. Now, if φ[i] = φ[j] ∨ φ[j′], then
Iφ[i](x

s
T) = {[1, 5), [6, 7)} based on the relation for ∨-operator in Table 1. Ob-

serve that all the bounds of the intervals in Iφ[i](x
s
T), i.e., 1, 5, 6, and 7, are

present as the bounds of the intervals in either Iφ[j](x
s
T) or Iφ[j′](x

s
T). This fact

is in accordance with Constraint 5. Also, the right bound of [1, 4) in Iφ[j](x
s
T)

does not appear as a bound of any intervals in Iφ[i](x
s
T), as it is included in an

interval in Iφ[j′](x
s
T), i.e., 4 ∈ [3, 5). This is in accordance with Constraint 6.

Next, for the FI -operator where I is encoded using ai and bi, we have the
following constraint:∧

1≤i≤n
1≤j<i

xi,FI ∧ li,j →
[ ∧
1≤s≤|S|

union ′
s(i, k, k) ∧ ⊖[ai,bi]

s (k, j)
]
.

based on the relation for the F[a,b] operator in Table 1. We here rely on an

intermediate set of intervals Ĩk encoded using some auxiliary variables t̃lk,m,s
and t̃rk,m,s where m ∈ {1, . . . ,M} and s ∈ {1, . . . , |S|}. Also, we use the formula

⊖[ai,bi]
s (k, j) to encode that the intervals in Ĩk can be obtained by performing

11 In LRA, t ̸∈ [t1, t2) can be encoded as t < t1 ∨ t ≥ t2.
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I ⊖ [a, b] to each interval I in Iφ[j](x
s
T), where ai = a and bi = b. Finally, the

formula union ′(i, k, k) encodes that Iφ[i](x
s
T) consists of the maximal disjoint

intervals obtained from the union of the intervals in Ĩk and {[T − b, T )}.
The construction of union ′(i, k, k) is similar to that of union(i, j, j′) in that

the constraints involved are similar to Constraints 5 to 7. For ⊖[ai,bi]
s (k, j), we

have the following constraint:∧
1≤m≤M−1

[
t̃lk,m,s = max{0,

(
tlj,m,s − bi

)
} ∧ t̃rk,m,s = max{0,

(
trj,m,s − ai

)
}
]
(8)

As an example, consider Iφ[j](x
s
T) = {[1, 4), [6, 7)} for a prefix xsT and T =

7. Now, if φ[i] = F[1,4] φ[j], then first we have Ĩk = {[0, 3), [2, 6)} based on
Constraint 8 12. Next, we have Iφ[i](x

s
T) = {[0, 7)} which consists of the maximal

disjoint intervals from Ĩk∪{[T−4, T )} = {[0, 3), [2, 6), [3, 7)} using union ′(i, k, k).
For the UI operator, we have the following constraint:∧
1≤i≤n

1≤j,j′<i

xi,UI
∧ li,j ∧ ri,j′ →

[ ∧
1≤s≤|S|

intersections(k1, j, j
′) ∧ ⊖[ai,bi]

s (k2, k1)

∧cond−ints(k3, k2, j) ∧ unions(i, k3, k3)
]

Here, we introduce three intermediate set of intervals Ĩk1 , Ĩk2 and Ĩk3 en-
coded using auxiliary variables t̃lki,m,s and t̃rki,m,s where i ∈ {1, 2, 3}, m ∈
{1, . . . ,M} and s ∈ {1, . . . , |S|}. Similar to the constraints for the ∨ operator,
we denote an interval in Ĩki as Iki,m,s where, Iki,m,s = [t̃lki,m,s, t̃

r
ki,m,s

). Now,

intersections(k1, j, j
′) encodes that Ĩk1 consists of the maximal disjoint intervals

obtained from the intersection of the intervals in Iφ[j](x
s
T) and Iφ[j′](x

s
T). Note

that the intersection can be achieved using the unions and the comps operators

using De Morgan’s law, i.e., A ∩ B = (Ac ∪ Bc)c. Then, ⊖[ai,bi]
s (k2, k1) denotes

that the intervals in Ĩ(k2) can be obtained by performing I⊖[a, b] to each interval
in Ĩk1 using constraint 8. Next, the operator cond − ints(k3, k2, j) denotes that
the mth interval in Ĩ(k3) (Ik3,m,s) is obtained by taking the intersection of the

mth interval in Ĩ(k2) (Ik2,m,s) and the m′th interval in Iφ[j](x
s
T) (Ij,m′,s) such

that, Ik1,m,s (Ik2,m,s = Ik1,m,s⊖ [a, b], by construction) is a subset of Ij,m′,s. This
can be achieved by encoding cond − ints(k3, k2, j) as the following constraint:

∧
1≤m≤M

∧
1≤m′≤M

(Ik1,m,s ⊆ Ij,m′,s) → Ik3,m,s = Ik2,m,s ∩ Ij,m′,s

Note that the subset check and the intersection of two intervals both allow
simple encodings in LRA. Finally, the formula unions(i, k3, k3) encodes that

12 While the intervals in Ĩk may not be disjoint, union ′(i, k, k) ensures that Iφ[i](xsT)
consists of only maximal disjoint intervals.



16 Raha et al.

Iφ[i](x
s
T) consists of the maximal disjoint intervals obtained from the union of

the intervals in Ĩk3 .
For an illustration, assume that Iφ[j](x

s
T) = {[1, 3), [5, 8)} and Iφ[j′](x

s
T) =

{[4, 6), [7, 9)} for a prefix xsT and T = 9. Now, let φ[i] = φ[j]U[0,3] φ[j
′]. Then,

Iφ[i](x
s
T) = {[5, 8)} using the computation in Table 1.

Note that, following the constraint, Ĩk1 = {[5, 6), [7, 8)} after taking the
intersection of Iφ[j](x

s
T) and Iφ[j′](x

s
T). Then, the Minkowski minus results into

the set of intervals Ĩk2 = {[2, 6), [4, 8)} with a = 0 and b = 3. The conditional
intersection of Ĩk2 and Iφ[j(x

s
T) produces the set of intervals Ĩk3 = {[5, 6), [5, 8)}.

Note that this is because both the intervals in Ĩk1 are subsets of the interval [5, 8)
in Iφ[j](x

s
T) and not of [1, 3) and we intersect the intervals in Ĩk2 with only [5, 8).

Finally the operator unions on Ĩk3 results in Iφ[i](x
s
T) to be {[5, 8)} that complies

with the actual semantics of theUI operator. It can be also checked that taking a
normal intersection instead of the conditional one would have wrongly resulted
in I[(x

s
T)φ[i]] to be {[2, 3), [5, 8)} that depicts the intricacy in computing the

satisfaction intervals for UI as shown in Figure 3(a) in [41].
For the GI and the ∧ operator, we encode the relations described in Table 1

by reusing the constraints from the formulas comps(i, j), unions(i, j, j
′), and

⊖[ai,bi]
s (k, j). We present the exact constraints in Appendix E.3. We now assert

the correctness of the formulas encoding the set operations as follows:

Lemma 6. The formulas comps(i, j), unions(i, j, j
′), ⊖[ai,bi]

s (k, j),
intersections(i, j, j

′)and cond−ints(i, j, j
′) correctly encode the complement,

union, ⊖, intersection and conditional intersection operations on a set of
intervals, resp.

The proof of the lemma is presented in Appendix F.
It is worth noting that although the number of intervals in Iφ[i](x

s
T) for

each subformula φ[i] is bounded by M, it may not contain the same number of
intervals. For instance, Ip(xsT) = {[0, 1), [6, 7)} has two intervals, while, assuming
T = 7, I¬p(xsT) = {[1, 6)} has only one interval.

To circumvent this, we introduce some variables numi,s for i ∈ {1, . . . , n}
and s ∈ {1, . . . , |S|} to track of the number of intervals in Iφ[i](x

s
T) for each sub-

formula φ[i] for each prefix xsT. We now impose
∧

1≤i≤n,1≤m≤M[m > numi,s] →
[tli,m,s = T ∧tri,m,s = T ]. This ensures that all the unused variables tσi,m,s for each
Node i and prefix xsT in S are all set to T . We also use the numi,s variables in
the constraints for easier computation of Iφ[i](x

s
T) for each operator. We include

this in our implementation but omit it here for a simpler presentation.
Finally, to ensure that the prospective formula φ is G-sep for S, we add:∧

xsT∈P

[
(tln,1,s = 0) ∧ (trn,1,s = T )

]
∧
∧

xsT∈N

[
(tln,1,s ̸= 0) ∨ (trn,1,s ̸= T )

]
.

This constraint says that Iφ[n](x
s
T) = {[0, T )} for all the positive prefixes xsT,

while Iφ[n](x
s
T) ̸= {[0, T )} for any negative prefixes xsT.
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The correctness of our algorithm follows from the correctness of the inductive
computation of Iφ(xT) in Lemma 5 and its encoding using the formulas described
in Lemma 6. We state the correctness result formally as follows:

Theorem 1 (Correctness). Given a sample S and a future-reach bound K,
Algorithm 1 terminates and outputs a minimal MTL formula φ such that φ is
globally separating for S and fr(φ) ≤ K, if such a formula exists.

Proof. The termination of Algorithm 1 is guaranteed by the decision procedure
of checking whether S is K-infix -separable (Section 4). The minimality of the
synthesized formula is due to the iterative search of formulas of increasing size
and the correct encoding of ΦnS,K . The correctness of ΦnS,K follows from the
correctness of the encoding of set operations described in Lemma 6 and the
correctness of computation of the sets Iφ(xT) using Lemma 5. ⊓⊔

Our synthesis algorithm solves the optimization problem SynTL by con-
structing formulas in LRA. We now analyze the computational hardness of
SynTL and, thus, consider its corresponding decision problem SynTLd: given a
sample S, a future-reach bound K and size bound B (in unary), does there exist
an MTL formula φ such that φ is G-sep for S, fr(φ) ≤ K, and |φ| ≤ B. Fol-
lowing our algorithm, we can encode the SynTLd problem in an LRA formula
Φ =

∨
n≤B Φ

n
S,K , where ΦnS,K is as described in Algorithm 1. One can check that

the size of Φ is O(|S||K|B3M3). Now, the fact that the satisfiability of an LRA
formula is NP-complete [19] proves the following:

Theorem 2. SynTLd is in NP.

Remark 1. While the exact complexity lower bound for SynTLd is unknown, we
conjecture that SynTLd is NP-hard. Our hypothesis stems from the fact that
one can show SynTLd is NP-hard for a simple fragment MTL(GI ,∨,¬), which
consists of only GI ,∨ and ¬ operators, following the techniques of Fijalkow and
Lagarde [25] (see Appendix G). Note that the hardness result does not directly
extend to full MTL: the complexity might be either lower or higher since the
logic is a priori more expressive. We leave the hardness result for full MTL as
an open problem.

6 Experiments

In this section, we answer the following research questions to assess the perfor-
mance of our algorithm for synthesizing MTL formulas.

RQ1: Can our algorithm synthesize concise formulas with small future-reach?
RQ2: How does lowering the future-reach bound affect the size of the formulas?
RQ3: How does our algorithm scale for different sample sizes?

To answer the research questions above, we have implemented a prototype
of our algorithm in Python 3 using Z3 [44] as the SMT solver in a tool named
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TEAL (synThesizing Efficiently monitorAble mtL). To our knowledge, TEAL is the
only tool for synthesizing minimal MTL formulas for monitoring purposes (see
related works). In TEAL, we implement a heuristic on top of Algorithm 1. We
initially set the maximum number of intervals M in sets Iφ[i](xT) to be µ + 2

where µ = max({|Ip(xT)| | p ∈ P}). We iteratively increase the value of M until
we find a solution. To ensure that the synthesized MTL formulas are correct, we
implement a verifier based on the inductive computation of Iφ(xT) mentioned
in Table 1. The heuristic improves the runtime of TEAL significantly since most
G-sep formulas φ never require the worst-case upper bound13 of M = µ|φ|.

As typically done in the literature of synthesizing formulas [46,2,50], we eval-
uate TEAL on benchmarks generated synthetically from MTL formulas. To ob-
tain useful MTL formulas, we identify a number of MTL patterns, listed in
Table 2, that are commonly used for monitoring cyber-physical systems. For
instance, the time-sensitive requirement of an electronically controlled steer-
ing (ECS) system “operational checks like RAM verification must be done ev-
ery 20 secs” can be monitored globally using the bounded recurrence formula
F[0,20] operational check [36]; the requirement of an autonomous vehicle (from
the introductory example) “brake should be triggered until within 2 secs the ve-
hicle has no obstacle in an unsafe distance ” can be monitored globally using
the bounded until formula brakeU[0,2] no obstacle.

Table 2: Typical MTL patterns used for monitoring cyber-physical systems

Bounded Recurrence: Globally(F[t1,t2] p)

Bounded Response: Globally(p→ F[t1,t2] q)

Bounded Invariance: Globally(p→ G[t1,t2] q)

Bounded Until: Globally(pU[t1,t2] q)

In our experiments, we construct MTL formulas from the patterns in Table 2
by replacing time interval [t1, t2] with different values. Now, to generate a sample
from an MTL formula φ, we generated a set of random prefixes and then classified
them into positive or negative depending on whether φ holds at all time-points
of the prefix or not. We conducted all the experiments on a single core of a AMD
EPYC 7702 64-Core CPU (at 2GHz) using up to 10GB of RAM. The timeout
was set to be 5400 secs for all the experiments.

To address RQ1, we ran TEAL on a benchmark suite generated from nine
MTL formulas obtained from the three MTL patterns in Table 2 by replacing t1
with 0 and t2 with 1,2, and 3. The suite consists of 36 samples for each pattern
(12 samples for each formula), with the number of prefixes ranging from 10 to
40 and the length of prefixes (i.e., the number of sampled time points) ranging

13 The operators FI , GI , ∧, and ¬ increase the number of required intervals by at most
one. Only the ∨ operator can double it in the worst-case.
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from 4 to 6. For each sample S, we set the future-reach bound K to be fr(φ),
where φ is the formula from which S was generated.

Table 3: Summary of the synthesized formulas.

Formula pattern Successful runs Timed out Avg Size Avg Time

Matched Not Matched (in sec)

Bounded Recurrence 36 0 0 2 17.5
Bounded Response 25 5 6 3.7 1860.3
Bounded Invariance 15 7 14 3.6 1397.2

Bounded Until 32 4 0 2.9 362.4

We depict the summary of the results for this experiment in Table 3. For
each run, we noted the formula synthesized, its size and the total time taken.
Further, we noted whether the synthesized formula matched the pattern of the
original formula using which the sample was generated. We observed that the
synthesized formulas matched the pattern of the original formula in 87.1% of the
cases in which TEAL did not time out. This shows that the randomly generated
samples captured the behaviour of the original formula rather well, enabling a
fair evaluation of TEAL.

Furthermore, we observed that the size of the synthesized formula is always
equal to or less than that of the original formula, demonstrating that TEAL always
finds a concise formula for a given future-reach bound Thus, we answer RQ1 in
positive.

To address RQ2, we investigate how the size of the synthesized formula
changed over varying future-reach bounds. For this, we ran TEAL on the same
benchmark suite from RQ1 but, this time, by varying the future-reach bound K
from 1 to 4. We investigate the average size of the minimal formula we get over
the generated 108 samples for each future-reach bound.

We observed that for future-reach bounds K of 1, 2, 3, and 4, the average
size of the synthesized minimal formulas were 3.904, 3.734, 3.370, and 3.361,
respectively. Thus, the trend is that with an increase in K, the average size of
the minimal formula decreased. This is because an increase in K allows a bigger
search space of formulas. One can, however, also notice that the decrease in the
average size of the formulas with increasing future-reach bound is not vast. This
highlights the advantage of using a future-reach bound for synthesizing formulas
for online monitoring and confirms the efficacy of our algorithm.

To address RQ3, we ran TEAL on a benchmark suite generated from MTL
formulas which originate from the MTL patterns in Table 2, setting t1 = 0 and
t1 = 2. The suite consists of 36 samples for each formula, with the number of
prefixes varying from 10 to 60 and the length of prefixes varying from 4 to 14.
We set the future-reach bound K to be two.
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Fig. 2: Runtime change with respect to the number of prefixes and prefix lengths

Figure 2 illustrates the runtime variation of TEAL in two cases: increasing the
number of prefixes fixing the length of them and increasing the length of prefixes
fixing the number of them. We observe that to synthesis a larger formula the
time required grows significantly. This trend can be noticed in both the figures.

7 Discussion and Conclusion

We have presented a novel SMT-based algorithm for automatically synthesizing
MTL specifications from finite system executions. To be useful for efficient mon-
itoring, we ensure that the synthesized formulas are both concise and have low
future-reach. We have shown that our algorithm can synthesize concise formulas
from benchmarks generated from commonly used MTL patterns.

While our algorithm is tailored to synthesize globally separating formulas
particularly useful for monitoring, we can adapt our algorithm easily to syn-
thesize only separating formulas as in the standard temporal logic inference
setting [46,43]. Our algorithm includes all the standard temporal operators that
are typically used in MTL. However, we believe it is possible to improve the
performance of the algorithm by omitting a temporal operator such as UI for
which the encoding can be substantially large.

From a practical point of view, an interesting future direction will be to lift
our techniques to automatically synthesize STL formulas for verification.
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A Semantics of MTL on infinite signals

This section formalizes the standard continuous semantics of MTL on infinite
system executions. Towards this, we follow the framework of [48]. Note that,
in [48], the authors provided the semantics for the timed-Until operator, and
the semantics for the other temporal operators can be deduced using syntactic
relations. As we do not consider the timed-Until operator in our setting, we
directly provide the semantics for the temporal operators we opt for in our
settings. Given an infinite signal x, an MTL formula φ and a time point t ≥ 0,

(x, t) |= p ⇐⇒ p ∈ x(t)

(x, t) |= ¬p ⇐⇒ p ̸∈ x(t)

(x, t) |= φ1 ∧ φ2 ⇐⇒ (x, t) |= φ1 and (x, t) |= φ2

(x, t) |= φ1 ∨ φ2 ⇐⇒ (x, t) |= φ1 or (x, t) |= φ2

(x, t) |= F[a,b] φ ⇐⇒ ∃t′ ∈ [t+ a, t+ b] such that (x, t′) |= φ

(x, t) |= G[a,b] φ ⇐⇒ ∀t′ ∈ [t+ a, t+ b], (x, t′) |= φ

(x, t) |= φ1 U[a,b] φ2 ⇐⇒ ∃t′ ∈ [t+ a, t+ b], (x, t′) |= φ2 and ∀t′′ ∈ [t, t′], (x, t) |= φ1

We read (x, t) |= φ as ‘x satisfies the formula φ at time point t’. The signal
x satisfies the formula φ if and only if it satisfies the formula at time point 0,
i.e., x |= φ ⇐⇒ (x, 0) |= φ.

B Proof of Lemma 1

In this section, we prove Lemma 1 that justifies our choice for the semantics
of MTL on finite signal prefixes. We, in fact, prove a stronger statement from
which Lemma 1 follows: for all t ∈ [0, T ), (xT, t) |=f φ if there exists a signal
x ∈ ext(xT) such that (x, t) |= φ.

The proof now proceeds via an induction on the MTL formula φ.

– For the base case, let φ = p ∈ P. Then, for all t ∈ [0, T ), if there exists
x ∈ ext(xT) such that (x, t) |= p, then (xT, t) |=f p since (x, t) |= φ and
thus, (xT, t) |= φ. The same argument extends to the neg operator.

– Let φ = φ1 ∧ φ2. Then, for all t ∈ [0, T ), if there exists x ∈ ext(xT) such
that (x, t) |= φ1 and (x, t) |= φ2. Then, (xT, t) |=f φ1 and (xT, t) |=f φ2 by
induction hypothesis. The same argument extends to the ∨ operator.

– Let φ = F[a,b] ψ and fix a time point t ∈ [0, T ). We have to prove if there
exists a signal x ∈ ext(xT) such that, (x, t) |= F[a,b] ψ, then (xT, t) |=f

F[a,b] ψ. Now by definition of |=, ∃t′ ∈ [t + a, t + b] such that, (x, t′) |= ψ.
Now there are two cases: (i) t + b ≥ T : in this case, (xT, t) |=f F[a,b] ψ, and
(ii) t + b < T : then, t′ < T and by induction hypothesis, (xT, t

′) |=f ψ as
(x, t) |= ψ. Hence, (xT, t) |=f φ. The case for φ = G[a,b] ψ can be proved
similarly. ⊓⊔
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C Proof of Lemma 2

In this section, we prove Lemma 2 that shows that an MTL formula φ with
fr(φ) ≤ K cannot distinguish two signals and their prefixes if they are identical
up to timeK. We will prove this by induction on the structure of φ. In particular,
we will prove the following:

For any K, let φ be a formula with fr(φ) ≤ K and x and y be two signals
such that x[0,K] = y[0,K]. Then, for all T ∈ R≥0, xT |=f φ if and only if yT |=f φ.

- For the base case, let φ = p. Then, p ∈ xT(0) and as x[0,K] = y[0,K],
p ∈ yT(0). Hence, yT |=f p. This can be similarly seen for the case where φ = ¬p.

- The proof for the cases where φ = φ1 ∨ φ2 or φ = φ1 ∧ φ2 can be derived
easily.

- Let φ = F[a,b] φ1. Let us fix a T such that xT |=f F[a,b] φ. If b ≥ t, then
yT |=f F[a,b] φ trivially. If not, then there exists a time point t ∈ [a, b] such that

(xT, t) |=f φ1. Now, let x′ = x[t:] and y′ = y[t:] be the signals obtained by shifting
the original signals by −t. Formally, ∀t′ ∈ R≥0, x′(t′) = x(t′ + t) and y′(t′) =
y(t′+t). Note that, x′

[0,K−t] = y′
[0,K−t]. Also, fr(φ1) = fr(φ)−b ≤ K−b ≤ K−t

and x′
[0,K−t] |=f φ. Then, following induction hypothesis, y′

[0,K−t] |=f φ1 which
implies that (yT, t) |=f φ1. Hence, yT |=f F[a,b] φ. The case where φ = G[a,b] φ1

can be proved similarly.
- Let φ = φ1 U[a,b] φ2. Again, similar to above, fix a T such that xT |=f

φ1 U[a,b] φ2. Let us first assume that b ≤ T . Then, ∃t ∈ [a, b] such that (xT, t) |=f

φ2 and ∀t′ ∈ [0, t], (xT, t
′) |=f φ1. Now as fr(φ1) and fr(φ2) are both ≤ K −

b ≤ K − t. Hence again using similar methods as above, one can prove that
(yT, t) |=f φ2 and ∀t′ ∈ [0, t], (yT, t

′) |=f φ1. Hence, yT |=f φ1 U[a,b] φ2.

D Proof of Lemma 5

In this section, we prove Lemma 5 that proves the correctness of our construction
of Iφ(xT) given a prefix xT. Recall that the lemma says, for all t ∈ [0, T ),
(xT, t) |=f φ if and only if t ∈ I for some I ∈ Iφ(xT). We prove both directions
together by induction on the structure of the formula φ.

For the base case, one can check that for all t ∈ [0, T ), t ∈ Ip(xT) if and only
if t ∈ I for some I ∈ Iφ(xT) by construction. The proof for the neg operator and
the boolean connectives ∧ and ∨ follow from the correctness of the construction
in the work of [41]. Here, we provide the proofs for two timed-temporal operators
as their semantics differ from the work in [41].

Let φ = F[a,b] ψ. To show the forward direction, let t ∈ I for some I ∈
Iφ(xT). We have to prove that, (xT, t) |=f F[a,b] ψ. In particular, t ∈ I∪

φ (xT) by

definition, i.e., t ∈
(⋃

I∈Iψ(xT)
I ⊖ [a, b]

)
∪ [T − b, T ). There are two cases: (i)

t ∈ [T − b, T ): in this case, t + b ≥ T and by definition of |=f , (xT, t) |=f φ,
or (ii) t ∈

(⋃
I∈Iψ(xT)

I ⊖ [a, b]
)
: Fix the interval I ′ = [t1, t2) ∈ Iψ(xT) such

that, t ∈ (I ′ ⊖ [a, b]). By induction hypothesis, for all t′ ∈ I ′, (xT, t
′) |=f ψ.

Now, t < t2 − a =⇒ t + a < t2 and t ≥ t1 − b =⇒ t + b ≥ t1. Hence,
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I ′ = [t1, t2) ⊃ [t+ a, t+ b]. Hence, ∃t′ ∈ [t+ a, t+ b] such that, (xT, t
′) |=f ψ and

henceforth, (xT, t) |=f φ.

For the backward direction, we assume that, (xT, t) |=f F[a,b] ψ and prove
that, t ∈ I for some I ∈ Iφ(xT). In particular, we show that t ∈ I∪

φ (xT) =(⋃
I∈Iψ(xT)

I ⊖ [a, b]
)
∪ [T − b, T ) and the rest of the argument follows from

the fact that, Iφ(xT) is obtained by taking the maximal disjoint intervals of
I∪
φ (xT). Now, by definition of |=f , there are two possibilities: (i) t + b ≥ T :

then, t ∈ [T − b, T ) and hence, t ∈ I∪
φ (xT), or (ii) ∃t′ ∈ [t + a, t + b] such that,

(xT, t
′) |=f ψ. Now, by induction hypothesis, t′ ∈ I for some I ∈ Iψ(xT). Let

I = [t1, t2). Now, t2 − a > t′ − a ≥ t and t1 − b ≤ t′ − b ≤ t. This implies that,
t ∈ [t1 − b, t2 − a) = (I ⊖ [a, b]) which proves that, t ∈ I∪

φ (xT).

The proof for the operator GI can be derived similarly. ⊓⊔

E All the constraints

In this section, we provide the encodings of ΦnS,k := Φstrn,S,k ∧Φ
fr
n,S,k ∧Φsemn,S,k that

we did not include in the paper.

E.1 Structural constraints

Here we formally introduce the encoding for the structural constraints Φstr. For
each Node i containing operator λ, we define the following two functions:

exactly − one − left(i) =
[ ∧
1≤i≤n

∨
1≤j≤i

li,j ] ∧ [
∧

2≤i≤n

∧
1≤j≤j′≤n

¬li,j ∨ ¬li,j′
]
, and

exactly − one − right(i) =
[ ∧
1≤i≤n

∨
1≤j≤i

ri,j ] ∧ [
∧

2≤i≤n

∧
1≤j≤j′≤n

¬ri,j ∨ ¬ri,j′
]

that defines that the node contains exactly one left child and exactly one
right child, respectively.

Now let Λ = P ∪ UΛ ∪ BΛ, where UΛ denotes the set of unary operators
and BΛ denotes the set of binary operators. Then the encoding of the structural
constraints contains the following:
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[ ∧
1≤i≤n

∨
λ∈Λ

xi,λ

]
∧
[ ∧
1≤i≤n

∧
λ̸=λ′∈Λ

¬xi,λ ∨ ¬xi,λ′

]
∧ (9)

∧
1≤i≤n

∨
p∈P

xi,p →
[ ∧
1≤j≤n

¬li,j ∧
∧

1≤j≤n

¬ri,j′
]∧ (10)

∧
1≤i≤n

 ∨
λ∈UΛ

xi,λ →
[
exactly − one − left(i) ∧

∧
1≤j≤n

¬ri,j′
]∧ (11)

∧
1≤i≤n

( ∨
λ∈BΛ

xi,λ →
[
exactly − one − left(i) ∧ exactly − one − right(i)

])
(12)

∧
1≤i≤n
1≤j<i

xi,¬ ∧ li,j →
[ ∨
p∈P

xj,p
]

(13)

Constraint 9 encodes the fact that each node only contains one operator or
one proposition. Constraint 10 imposes that the nodes containing a proposition
do not have any child. Constraint 11 says that the nodes containing a unary
operator contain exactly one child, while constraint 12 enforces that the nodes
containing a binary operator contain exactly one left and exactly one right child.
Finally, Constraint 13 imposes that the neg operator can occur only in front of
propositions.

E.2 Future-reach constraints

Here we formally introduce the constraints for symbolically encoding the future-
reach of the prospective formula φ. The formula Φfr

n,S,k contains the following:∧
1≤i≤n

xi,p →
[
fi = 0

]
∧

∧
1≤i≤n
1≤j<i

(xi,¬ ∧ li,j) →
[
fi = fj

]
∧

∧
1≤i≤n

1≤j,j′<i

((xi,∨ ∨ xi,∧) ∧ li,j ∧ ri,j′) →
[
fi = max(fj , f

′
j)
]
∧

∧
1≤i≤n
1≤j<i

(xi,FI ∧ li,j) →
[
fi = fj + bi

]
∧

∧
1≤i≤n
1≤j<i

(xi,GI
∧ li,j) →

[
fi = fj + bi

]
∧

(fn ≤ K)
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Each line above encodes the future-reach value for each operator using the in-
ductive definition of the future-reach, as described in Section 3. The last line
imposes the fact that the future-reach of the prospective formula is within the
bound K.

E.3 Semantic constraints

Here we introduce the constraints to encode the semantics of the ∧ and the GI

operators that we left out in the main text of the paper.

For the ∧-operator, we have the following constraint:∧
1≤i≤n

1≤j,j′<i

xi,∧ ∧ li,j ∧ ri,j′ →
[ ∧
1≤s≤|S|

comps(i, k) ∧ unions(k, j, j
′)
]
,

This encodes the relation for ∧ operator as described in Table 1. We introduce
an intermediate set of intervals Ĩk that contains the maximal disjoint intervals of
union of Iφ[j](x

s
T) and Iφ[j′](x

s
T). Then comps(i, k) denotes that, Iφ[i](x

s
T) is the

complement of the set of intervals in Ĩk, making it the set containing maximal
disjoint intervals of intersection of I∪

φ[j](x
s
T) and I∪

φ[j′](x
s
T).

For the GI operator where I is encoded using ai, bi we have the following
constraint:

∧
1≤i≤n
1≤j<i

xi,GI
∧ li,j →

[ ∧
1≤s≤|S|

union ′′
s (i, k

′, k′) ∧ comps(k
′, k) ∧ ⊖[ai,bi]

s (k, j)
]
.

based on the relation for the G[a,b] operator in Table 1. Similar to the encoding

of F[a,b] operator, we rely on an intermediate set of intervals Ĩk and Ĩk′ encoded
using some auxiliary variables. Also, we use the formula ⊖[ai,bi]

s (k, j) to encode
that the intervals in Ĩk can be obtained by performing I⊖ [a, b] to each interval I
in Iφ[j](x

s
T), where ai = a and bi = b. Then comps(k

′, k) encodes that Ĩk′ is the
complement of Ĩk. Finally, the formula union ′′(i, k′, k′) encodes that Iφ[i](x

s
T)

consists of the maximal disjoint intervals obtained by taking the union of the
complement of I∪

φ[j](x
s
T) and {[T − a, T )}.

Similar to union ′ in the semantic constraints for FI operator, the construc-
tion of union ′′(i, k, k) is similar to that of union(i, j, j′) in that the constraints
involved are similar to Constraints 5 to 7.

F Proof of Lemma 6

The proof of Lemma 6 is a direct consequence of the proofs of the following
claims for the different formulas.
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Claim. Let ι be a satisfying interpretation of unions(i, j, j
′). Then, the set

Ii = {[ι(tli,1,s), ι(tri,1,s)), . . . , [ι(tli,m,s), ι(tri,m,s))} consists of the maximal disjoint

intervals of the union of Ij = {[ι(tlj,1,s), ι(trj,1,s)), . . . , [ι(tlj,m,s), ι(trj,m,s))} and

Ij′ = {[ι(tlj′,1,s), ι(trj′,1,s)), . . . , [ι(tlj′,m,s), ι(trj′,m,s))}.

Proof. For simplicity of the proof, we name ι(tσκ,m) as τσκ,m for σ ∈ {l, r} and

κ ∈ {i, j, j′}, and [τ lκ,m, τ
r
κ,m) as Γκ,m for κ ∈ {i, j, j′}. Note that we drop the

identifier s representing the prefix since the prefix is fixed throughout the proof.
For the forward direction, we show that any time point t ∈ Γi,m belongs

to some Γj,m′ ∈ Ij or some Γj′,m′′ ∈ Ij′ . Towards contradiction, we assume
that t ̸∈ Γj,m′ for any Γj,m′ ∈ Ij and t ̸∈ Γj′,m′′ for any Γj′,m′′ ∈ Ij′ . Now,
based on Constraint 5, both τ li,m and τ ri,m appear in some intervals in Ij and
Ij′ as left and right bound, respectively. We consider two cases based on where
τ li,m and τ ri,m appear. First, τ li,m and τ ri,m both appears, w.l.o.g, in Ij . Now,

let Γj,m1
and Γj,m1+1 be such that τ rj,m1

≤ t < τ lj,m1+1. Intuitively, this means
that t lies in between (and is adjacent to) the intervals Γj,m1

and Γj,m1+1. Note
that both τ rj,m1

and τ lj,m1+1 is not included in Ii since Ii consists of maximal

disjoint intervals and [τ rj,m1
, τ lj,m1+1] ⊂ Γi,m. Now, based on Constraint 6, τ rj,m1

and τ lj,m1+1 are included in some intervals in Ij′ . Note that if they are included
in the same interval, then that interval also contains t raising the contradiction
to our assumption that t ̸∈ Γj′,m′′ for any Γj′,m′′ ∈ Ij′ . Then τ rj,m1

and τ lj,m1+1

are not included in the same interval in Ij′ . Then, there exists Γj′,m2
∈ Ij′ and

Γj′,m2+1 ∈ Ij′ such that,

τ rj,m1
< τ rj′,m2

≤ t < τ lj′,m2+1 < τ lj,m1+1

Now note that, τ rj′,m2
and τ lj′,m2+1 both are not included in any of the inter-

vals in Ij . Now, based on Constraint 7, both appear in Ii. But that raises the
contradiction to our assumption that t ∈ Γi,m.

For the other direction, we show that any time point, w.l.o.g, t ∈ Γj,m belongs
to some Γi,m′ ∈ Ij . For this, there can be three cases based on whether the
bounds of Γj,m appear as bounds in some interval Γi,m′ ∈ Ii or not.

First, assume that both τ lj,m and τ rj,m appear as bounds τ li,m1
and τ ri,m2

in Ik
as stated by Constraint 5. We now claim that m1 = m2 meaning that τ li,m1

and
τ ri,m2

are bounds of the same intervals. Towards contradiction, let m1 +1 ≤ m2.
Then, τ ri,m1

belongs to the interval Γj,m, and based on Constraint 6, and cannot

be one of the bounds of Γi,m1
. Then, we have τ lj,m = τ li,m1

≤ t < τ ri,m1
= τ rj,m

Second, assume that τ lj,m does not appear, while τ rj,m appears as bounds in

Ik. Now, based on Constraint 6, τ lj,m appears in one of the intervals Γj′,m′ in

Ij′ . Also, in that case, τ lj′,m′ appears as a left bound in Ik, say Ii,m1 . We now
claim that τ ri,m1

> τ rj,m. Towards contradiction, we assume two cases. In first
case,

τ lj′,m′ = τ li,m1
< τ ri,m1

< τ lj,m < τ rj′,m

contradicting Constraint 6. In the second case,

τ lj′,m′ = τ li,m1
< τ lj,m < τ ri,m1

< τ rj,m
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contradicting Constraint 7. From the two cases, we conclude τ ri,m1
> τ rj,m and

hence, τ li,m1
< τ lj,m ≤ t < τ rj,m < τ ri,m1

. The argument in the third case is similar
to the arguments in the other two cases and can be seen easily.

Claim. Let ι be a satisfying interpretation of comps(i, j). Then, the set Ii =
{[ι(tli,1,s), ι(tri,1,s)), . . . , [ι(tli,m,s), ι(tri,m,s))} consists of the maximal disjoint in-

tervals of the complement of Ij = {[ι(tlj,1,s), ι(trj,1,s)), . . . , [ι(tlj,m,s), ι(trj,m,s))}.

Proof. We reuse the naming conventions for τσκ,m) and Γκ,m from the last proof.
For the forward direction, we show that if t ∈ Γi,m for some Γi,m ∈ Ii then
t ̸∈ Γj,m′ for any Γj,m′ ∈ Ij . First, let m = 1. Then, if τ lj,1 = 0, then Condition 2

gets triggered and τ li,1 = τ rj,1 and τ ri,1 = τ rj,2. Hence, τ rj,1 = τ li,1 ≤ t < τ ri,1 = τ lj,2.

Also, if τ lj,1 ̸= 0, then Condition 2 does not get triggered and τ li,1 = 0 and

τ ri,1 = τ lj,1. Hence, 0 = τ li,1 ≤ t < τ ri,1 = τ lj,1. For m ̸= 1, the reasoning works
similarly.

For the other direction, we show that if t ∈ Γj,m for some Γj,m ∈ Ij then
t ̸∈ Γi,m′ for any Γi,m′ ∈ Ij . The proof for this direction is almost identical to
the proof for the forward direction and is a simple exercise.

Claim. Let ι be a satisfying interpretation of ⊖[a,b]s(k ,j ). Then, the set
Ii = {[ι(tli,1,s), ι(tri,1,s)), . . . , [ι(tli,m,s), ι(tri,m,s))} consists of the maximal
disjoint intervals by applying I ⊖ [a, b] to the intervals I of Ij =
{[ι(tlj,1,s), ι(trj,1,s)), . . . , [ι(tlj,m,s), ι(trj,m,s))}.

Proof. The proof of this result follows by construction.

The proofs for the operations intersection and cond − int can be derived
using the proofs for the previous operations.

G NP-hardness for MTL(GI,∨,¬)

To prove the NP-hardness of SynTLd for MTL(GI ,∨,¬), we establish the NP-
hardness of an easier problem where the future-reach bound is relaxed, which is
the following: given a sample S and a size bound B, does there exist a formula
φ in MTL(GI ,∨,¬) such that φ is G-sep for S, and |φ| ≤ B? Towards this,
we show a polynomial time reduction from the hitting set problem, a classical
NP-complete problem in the literature. To this end, let us first define the hitting
set decision problem: given C1, . . . , Cn subsets of [1, ℓ] and k ∈ N, does there
exist H subset of [1, ℓ] of size at least k such that for every j ∈ [1, n] we have
H ∩ Cj ̸= ∅. In that case, we say that H is a hitting set.

We construct a reduction from the hitting set problem. Let C1, . . . , Cn
subsets of [1, ℓ] and k ∈ N. Let us consider the set of propositions to be
P = {p0, p1, . . . , pℓ}. We construct the sample S = (P,N) with T = l + 1
as follows: for each j ∈ [1, n] we let [1, ℓ] \Cj =

{
aj,1 < · · · < aj,mj

}
, and define

a positive signal prefix of the form

uj = 0 : {p0}; aj,1 : {paj,1}; . . . ; aj,mj : {paj,mj }.
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Let P = {u1, . . . , un} be the set of all the positive signal prefixes. There is a
single negative signal prefix, which is of the form

v = 0 : {p0} ; 1 : {p1} ; 2 : {p2} ; . . . ; ℓ : {pℓ}.

that means in v, only proposition pi is true. We let N denote the singleton set
containing v at time interval [i, i+ 1).

We claim that there exists a hitting set of size at most k if and only if
there exists a formula in MTL(GI ,∨,¬) of size at most 3k − 1 that is globally
separating for S, i.e., satisfies ui’s at all time-points and does not satisfy v at
some time-point.

Let H = {c1, . . . , ck} be a hitting set of size k with c1 < c2 < · · · < ck, we
construct the formula

φ = (¬pc1 ∨G[0,ℓ](· · · ∨G[0,ℓ] ¬pck))

We argue that φ globally separates u1 . . . un from v and has size 3k− 1. Indeed,
the fact that H is a hitting set means that for every j ∈ [1, n], there exists i such
that ci ∈ H. This implies that uj satisfies G[0,ℓ] ¬pci globally, hence φ as well.
Also, v does not satisfy φ at position c1.

Conversely, let φ be a G-sep formula in MTL(GI ,∨,¬) of size 3k−1. Follow-
ing [25], we can assume that φ is of the form above. Because it does not satisfy
v, we have c1 < c2 < · · · < ck. We let H = {c1, . . . , ck}, and argue that H is
a hitting set. To prove that H is a hitting set, we need to prove that, for every
j ∈ [1, n], we have H ∩ Cj ̸= ∅. Now as φ is G-sep, for every j ∈ [1, n], we have
(uj , t) |= φ for all t ∈ [0, ℓ]. Then there exists a ci that does not appear in uj ,
implying the fact that ci ∈ H ∩ Cj by the construction of uj .

We illustrate the above idea via an example. Let l be four and C1, C2, C3 ⊆
[1, 4] such that, C1 = {1, 2, 3}, C2 = {2, 3, 4} and C3 = {1, 4}. Then, we construct
the sample S with T = 5 as follows:

0 4 5

p0 p4

u0

0 1 5

p0 p1

u1

0 2 3 5

p0 p2 p3

u2
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0 1 2 3 4 5

p0 p1 p2 p3 p4

v

where u1, u2, u3 are positive prefixes and v is the negative prefix. Now note
that a hitting set for C1, C2, C3 is H = {2, 4} such that, |H| = 2. Then the
corresponding G-sep formula for S is φ = ¬p2 ∨G[0,4] ¬p4.
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